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All groups in this paper are finite. The notation M ≤ G (M < G, M ⋖ G) means that M is a
subgroup (proper subgroup, maximal subgroup, respectively) of a group G. A subgroup H of a group G
is called a Hall subgroup if |H | and |G : H | are coprime.
V. S. Monakhov [1], N.V. Maslova and D.O. Revin [2] studied groups with Hall maximal subgroups.
A subgroup H of a group G is said to be a 2-maximal subgroup if there is a maximal subgroup M of
G such that H is a maximal subgroup of M .
The group structure substantially depends on the properties of its 2-maximal subgroups. Huppert,
Suzuki, Yanko, V.A. Belonogov got the earliest results. Huppert [3] established the supersolubility of
groups in which all 2-maximal subgroups are normal. Suzuki [4] and Yanko [5] proved that an unsolvable
group with nilpotent 2-maximal subgroups is isomorphic to PSL(2, 5) or SL(2, 5). V.A. Belonogov [6]
described finite solvable groups with nilpotent 2-maximal subgroups. In the current century, this direction
was investigated in many papers, see references in [7]– [10].
In this paper, we study a group in which every 2-maximal subgroup is a Hall subgroup. Based on the
results of N.V. Maslova and D.O. Revin [2], we obtain the solvability of a group, and then we apply the
description from [1].
We need the following definitions and notation.
A Gaschu¨tz subgroup of a group G is a subgroup W such that
(1) W is supersolvable;
(2) if W ≤ A < B ≤ G, then |B : A| is not a prime.
In a solvable group, Gaschu¨tz subgroups exist and are conjugate [11, 5.29].
The supersolvable residualGU of a groupG is called the smallest normal subgroup in G whose quotient
is supersolvable.
Let G be a group. Then
|G| is the order of G;
pi(G) is the set of all prime divisors of |G|;
Gp is a Sylow p-subgroup of G;
σ(G) = {r ∈ pi(G) : |Gr| = r};
τ(G) = {r ∈ pi(G) : |Gr| > r}.
It is clear that pi(G) = σ(G) ∪ τ(G) and σ(G) ∩ τ(G) is an empty set.
Theorem. Let G be a finite non-primary group in which each 2-maximal subgroup is a Hall subgroup.
If G is a supersolvable group, then |G| is square-free, that is pi(G) = σ(G). Let G be a non-supersolvable
group. Then the following statements hold.
(1) G has a Sylow tower and each maximal subgroup of G is a Hall subgroup.
(2) |σ(G)| ≥ 2 and Gσ(G) ≤W , where W is a Gaschu¨tz subgroup of G.
(3) |τ(G)| ≥ 1 and Gτ(G) is the supersolvable residual of G.
Proof. Denote σ(G) = σ and τ(G) = τ .
Let M be a maximal subgroup in G and H be a maximal subgroup in M . Then H is a 2-maximal
subgroup of G and, by the hypothesis, H is a Hall subgroup of G. Assume thatM is not a Hall subgroup.
Then there is p ∈ pi(G) such that p divides |M | and p divides |G :M |. If M is a p-subgroup, then H = 1
1
and |G| = p2, that is |pi(G)| = 1, a contradiction to the hypothesis. Consequently,M is not a p-subgroup,
and we can choose H so that H is a maximal subgroup of M and H contains a Sylow p-subgroup of M .
Then p divides |H | and p divides |G : H | = |G :M ||M : H |, a contradiction. Therefore, the assumption
is false, and each maximal subgroup in G is a Hall subgroup.
If G is supersolvable group, then |G| is square-free [1, Corollary 3].
Assume that G is an unsolvable group. By the result of N. V. Maslova and D.O. Revin [2, Corollary
1], the solvable radical S(G) has a Sylow tower, and G/S(G) is either trivial or isomorphic to one of the
groups PSL(2, 7), PSL(2, 11) or PSL(5, 2). Maximal subgroups of these groups are known.
If G/S(G) is isomorphic to PSL(2, 7), then we choose M and H in G such that
S(G) ≤ H ⋖ M ⋖ G, M/S(G) ∼= S4, H/S(G) ∼= A4.
Hence H is a 2-maximal subgroup and is not a Hall subgroup in G, since
|H | = 22 · 3 · |S(G)|, |G : H | = 7 · 2 · |H |.
If G/S(G) is isomorphic to PSL(2, 11), then we choose M and H in G such that
S(G) ≤ H ⋖ M ⋖ G, M/S(G) ∼= D12, H/S(G) ∼= D6.
So H is a 2-maximal subgroup and is not a Hall subgroup in G, since
|H | = 2 · 3 · |S(G)|, |G : H | = 5 · 11 · 2 · |H |.
If G/S(G) is isomorphic to PSL(5, 2), then we choose M and H in G such that
S(G) ≤ H ⋖ M ⋖ G, M/S(G) ∼= 26 : (S3 × PSL(3, 2)), H/S(G) ∼= 2
6 : (Z3 × PSL(3, 2)).
Hence H is a 2-maximal subgroup and is not a Hall subgroup in G, since
|H | = 29 · 32 · 7 · |S(G)|, |G : H | = 2 · 5 · 31 · |S(G)|.
Therefore we conclude that G/S(G) is trivial, and G is solvable.
Thus G is solvable and all its maximal subgroups are Hall subgroups. By [1, Corollary 2], G has a
Sylow tower and each Sylow subgroup in G is an elementary Abelian subgroup.
Assume that K ⋖ M ⋖ G, K is normal in M , M is normal in G. Then |G : M | = p, |M : K| = q,
p and q are primes. Since M and K are Hall subgroups, we obtain p 6= q, p = |Gp| ∈ σ, q = |Gq| ∈ σ,
and |σ| ≥ 2. Let W be a Gaschu¨tz subgroup of G. By definition, in the subgroups chain
W =W0 ⋖ W1 ⋖ . . .Wm−1 ⋖ Wm = G
all indices |Wi+1 : Wi| are not primes. Since all these indices are primary, we have pi(G : W ) ⊆ τ
and Gσ ≤W for some Hall σ-subgroup Gσ of G.
Let H = GU be the supersolvable residual of G. Since G is not supersolvable, we get H 6= 1
and |τ | ≥ 1. In G/H , all 2-maximal subgroups are Hall subgroups, therefore pi(G : H) ⊆ σ and Gτ ≤ H .
By [1, Corollary 1], H is a Hall subgroup. If F (G) is a σ-subgroup, then F (G) is cyclic and G is
supersolvable in view of [1, Corollary 3], a contradiction. Therefore F (G) is not a σ-subgroup, and there
is a nontrivial normal in G r-subgroup R for r ∈ τ . It is clear that R ≤ Gτ ≤ H . By [1, Corollary 2],
R is a Sylow subgroup of G and minimal normal subgroup in G. If G/R is supersolvable, then H = R
and H = Gτ . If G/R is not supersolvable, then by the induction hypothesis,
(G/R)U = GU/R = (G/R)τ = Gτ/R, G
U = H = Gτ .
The theorem is proved.
Example. The general linear group GL2(29) has a cyclic subgroup Z15 of order 15, which acts
irreducibly on an elementary abelian group E292 of order 29
2. In the semidirect product E292 ⋊ Z15, all
maximal subgroups and all 2-maximal subgroups are Hall subgroups.
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